CS311:
Computational Theory

Lecture 8: CONTEXT-FREE GRAMMARS — Ch 2
(Cont’d)

Dr. Manal Helal, Spring 2014. http://moodle.manalhelal.com
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ecture Learning Objectives

1. Convert among equivalently powerful notations .

for a language, including among PDAs and
CFGs.
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Abstract View of Objectives

recognizable

decidable

EXPSPACE
EXPTIME
PSPACE=NPSPACE

N N T ) T e o S — MW@Z&}}@*VQ:\’/E 28 ’:\./



PDA: Exam

Context Free Language:
{albick| i, j, k=0andi=jori=Kk}.




Chomsky Normal Form

A context-free grammar is in Chomsky normal form
if every rule is of the form

A— BC

A—a
where a Is any terminal and A, B, and C are any
variables—except that B and C may not be the start

variable. In addition, we permit the rule S — &, where
S Is the start variable.




~ Conversion to Chomsky Normal Form

3
NN

* First, add a new start variable.

¢ Then, eliminate all e-rules of the form A — &.

» Also eliminate all unit rules of the form A — B.

= < In both cases, patch up the grammar to be sure that it
still generates the same language.

~ * Finally, convert the remaining rules into the proper
form.
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THEOREM

* A language is context free if and only if some
pushdown automaton recognizes it.
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This is same as: “implementing a CFG using a PDA”

Converting CFG to PDA  *
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Main idea: The PDA simulates the leftmost derivation on a given w,

and upon consuming it fully it either arrives at acceptance (by
empty stack) or non-acceptance.
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Convert CFG to PDA

» Design the PDA to determine whether some series of
substitutions using the rules of CFG can lead from the
Start variable to the input string w.

It is difficult to non-deterministically choose which

substitution to use to substitute for a variable:

Begin by writing the start variable on the stack.
Then make a series of intermediate strings.
Eventually the PDA may arrive at a string that contains only

terminal symbols matching the input w and accept,
meaning that it has used the grammar to derive a string.




Convert CFG to PDA - Contd |

 Use the stack of the PDA to simulate the derivation of
a string in the grammar.

=~ o Push S (start variable of G) on the stack
o From this point on, there are two moves the PDA

can make:

> [f a variable A is on the top of the stack, pop it and push 1
S the right-hand side of a production A — B from G.
= > [fa terminal, a is on the top of the stack, pop it and match ¢
S it with whatever symbol is being read from the tape.




Convert CFG to PDA — Steps

stack.
. 2. Repeat the following steps forever.

. a. Ifthe top of stack is a variable symbol A, non-deterministically
& select one of the rules for A and substitute A by the string on the

DU NP,

E 1. Place the marker symbol $ and the start variable on the

Achdess \pde

2 right-hand side of the rule.
S b. Ifthe top of stack is a terminal symbol a, read the next symbol <
%< from the input and compare it to a. If they match, repeat. If they do B
‘ not match, reject on this branch of the non-determinism.
e c. Ifthe top of stack is the symbol $, enter the accept state. Doing so
“‘: accepts the input if it has all been read.

=
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1. PDA Construction Informal Steps
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PDA to go from q to r when it reads a and pops S
It pushes the entire string u=u,---u, on the stack at the same

time, then introduce new states q,, . . ., q,_,

Set the transition function as follows:
0(q, a, s) to contain (q,, u), e P
0(q4 € €) ={(qy u_4)}, ’ @
0(qy € €) ={(q5 U}, as—zyz =

5(.(7/—11 & EElr =l ho il
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2. PDA Construction Formal Steps

R AMREL,

« Generally, Q = {Qgr Uoopr Qaccepst U E, Where E is the set of states we

25 AWhe

need for implementing the grammar.
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© * The transition function is defined as follows. :
o Begin by initializing the stack to contain the symbols $ and S: 6(q4.,
’: g, 8) 7 {(qmopf S$)} . :
= o Then putin transitions for the main loop of step 2. %
<o > First, case (a) wherein the top of the stack contains a variable. Let <
.. O(Qjoop & A) = {(Qo0pr W)l where A — w is a rule in R}.
o > Second, case (b) wherein the top of the stack contains a terminal.

Let 5(qloopf a, a) 5 {(q/oop7 g)} ] '3

> Finally, case (c) wherein the empty stack marker $ is on the top of
the stack. Let 0(Qo0p &%) = {(Qaccepy €}
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Note: Initial stack symbol (S)

CFG
same as the start variable

< * Given: G= (V, 7:P:S) /in the grammar
- Output: Py=(fq}, TVUT,5,q,S)

o Forall A€V, add the following transition(s) in the
- Siiiss PDA: After:
~A ¥ 5(q,¢,A)={(q a)| “A==>a"E P} —=| I
®= — o Forall a€ T, add the following f

~__transition(s) in the PDA: :
% v 5(gaa)={(q¢)} Mer ol E




those that accept by final state or by empty stack

Acceptance by...

PDAs that accept by final state:
o For a PDA P, the language accepted by P, denoted by

L(P) by final state, is:
> W] (Quw2Z) |--*(q,c,A)}, st,gEF Checklist:

- input exhausted?

- in a final state?

PDAs that accept by empty stack:
o For a PDA P, the language accepted by P, denoted by
N(P) by empty stack, is:
> (W] (oW Zy) |-—-*(q, ¢, ¢) }, forany g € Q.

Checklist:
- input exhausted?

Q) Does a PDA that accepts by empty stack - is the stack empty?

need any final state specified in the design?
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for rule A—w

for terminal a




CFG to PDA Example 1

-« Giventhe Grammar G=(V, £, S, P)
> V={S,X,F}, Set of Variables
- X ={a+*()}, Setof Terminals

 Start variable is S
~  Production RulesP={ S->8+X|X
X ->X*F| F
F->(S)|a }
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e This grammar generates a subset of all legal
- arithmetic expressions.
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CFG to PDA Example 1 - Cont'd |

= o Setof States Q = {q,,p G Taccept
- . Ais the accepting state (Qaccepds

~ ° Zisthe language alphabet (terminals)
~ o [isthe stack variables (Vv £ u Z)

» Choose an initial stack symbol Z not in S or V.
& qm,8,2-¢qw,sz qw,e, Z—’qw,z

{ qw,s,s-»q,,,,,sm q,,,,,s,s-,qw,x

®  Gpopr £ X G, XF Yoo+ & X = Gy, F

4 qm,s,F-’q,”,(S) q,”,e,F—»qw,a

% oop + & a-’qm,e Gioop» * +-»qw,8

’;: qwi*f *-’qwfs qbg,’(’(-’qbgp's

B 9.,.) )Gy, E

BIEU LI

(292
v

AR

- 5

L7,

"-.v
Z

N
) 4.{‘_\ . \.Q;,,

\t.
N

5 )
R ai -




i

VRS CARS CARY OFES CFES CHAES XS GRES. GARS. CrES OAES TCAKS TOrRES TOYES CFES TOKRES. 1]

i

£
-

4

&

had
4

3 \{. A
% _{.: 3

Example 2: L of balanced
parenthesis

|

S8

BN Gy
7@ Ui

10t

A

B 7 DX [ Sl 2 LG [ S Gl DXL N 0 DL
AL AN YA IO
DA

An equivalent PDA that
' accepts by empty Stack
PDA that accepts by final state accepts by empty stack
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How will these two PDAs work on the input: ((())()) ()
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PDAs accepting by final state and empty stack
are equivalent

« P <= PDA accepting by final state
O PF - (QF;Z; | 57 6qu01zo’F)
« Py <= PDA accepting by empty stack
o Py=(Qn2, T, 05q02y)
 Theorem:
o (Py==> Pg) For every P, there exists a P s.t. L(Pg)=L(P))

o (Pg==>P),) For every P, there exists a Py s.t. L(Pg)=L(P,)
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Example 3: CFG to PDA

e G=({S,A} {01}, P, S) o

) » e,A/01
e,AlA1

o S5 AS I € e A/ OAT
o A— 0A1|A1]|01 s
. I;DA = ({a}, {0.1}, {0,1,A,S}, 6,0, S)  «sis ()

o All Variables:
> 0(q, ¢, S) ={(q, AS), (q, )}

o Then All Terminals:

> 0(q,1,1)={(q,¢))
f
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Simulating string 0011 on the new

N =i cce
& 0,0/¢ SRS

| 3(@e.9)—{(@AS), (g ¢) 2 00118
| 8(a,e,A) —{(q,0A1), (q,A1), (q,01)} < 0011
| 3@.00—{@r)} T

Leftmost deriv.:
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- Stack moves (shows only the successful path):
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Converting a PDAinto a CFG - 1 :2

1. Transform the PDA such that:

o Only one character must be popped from the
stack at a time.

o For every transition that does not inspect the
stack (i.e., the pop character is £), add one
transition that pops a single character and
pushes it back again, for each letter in the
stack alphabet.
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~ Converting a PDAinto a CFG - 2
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2. Reverse engineer the productions from transitions
- o Add a rule S — <s&f> for the start state, s, and each final

< state, f.

> o Add a rule <q€q> — & for each state q.
o For every transition that pushes a terminal a (that can be € |
& and disappears ) into the stack:
0(q,a,Z) — (p; Y Y>Y5... Y,):

v State is changed from q to p; |
v Terminal a is consumed;
& v Stack top symbol Z is popped and replaced with a sequence of k &
variables.
o Action: Create a grammar variable called “[qZp]” which 4
includes the following production:
= [9Zp] — alpY1q1] [q1Y2q2] [q2Y3q3]... [qk-1YKgK]

Ahd

A5 % 4 i A

gy

NG ,Q ! A 5 /t B f't. R ’,\n'



O CURS TCUEY. TORES. O TCYER TOPES. TR GRS
—

Y OYES O TOYES. TOUES TORES DY ES IARS

Example 1: Bracket matching

To avoid confusion, we will use b="(“ and e=")":

Py ({9, the} (2,2}, 6 q,2,)

PR

)L S e NS AP D M e v
Oldoib 2 a2 2P =S ===
6(qo,e dp)snlld eilie s smeTasioT]
O(dp, €.4p) {(do &)}

If you were to directly wrlte
. “aCEG; '

bSeS|

0025 [6:46,]

sl daZaodn D il Z5dn kldnZs a0
e hmieatlle [qOZ1q0] b [qoz1q0] [qOZ1qO]

« [gpZ490] €
[dpZ090] €

Let A=[q,Z,q,] Simplifying,

Let B=[q,Z
[40Z19,] —0. S bBS| ¢

A 1. B bBB]|e
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Example 2: {On1n}

S  [94q] [gZr]

[aZg] O [gXq] [aZq] | O[gXr][rZq]
[aZr] — O[qXq][gZr] | O[gXr][rZr]
[aXq] 0 [gXq] [gXq] | O[gXr][rXq]
[gXr] — 1 | O[gXq][gXr] | O[gXr][rXr]
[qu] =

[rXr] 1

[rZr] £

[rXq] -

00 [RLSR DS DA S (P




Example 2: {On1n}

S  [94q] [gZr]

[aZg] O [gXq] [aZq] | O[gXr][rZq]
[aZr] — O[qXq][gZr] | O[gXr][rZr]
[aXq] 0 [gXq] [gXq] | O[gXr][rXq] %
[gXr] — 1 | O[gXq][gXr] | O[gXr][rXr] -
[qu] =
[rXr] 1 >
[rZr] £ e
[rXq] — 4

00 [RLSR DS DA S (P

S  [gZq] [g941]

[9Zq] O [gXq] [94q]

[9Zr] — 0[gXq][gZr] | O[gXr][rZr]
[aXqg] 0 [gXq] [gXq] 4
[gXr] — 1 | O[gXq][gXr] | O[gXr][rXr]
[rXr] 1
[rZr] €
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Example 2: {On1n}

PDA = (Q5.16,0,2Z), Q={q,r}, Z={0,1}, = {Z,X}, & is:

2 RIS T v INa S (&P

S  [9Zq] [gZr]

[aZg] O [gXq] [aZq] | O[gXr][rZq]
[aZr] — O[aXq][gZr] | O[gXr][rZr]
[aXq] 0 [gXdq] [gXq] | O[gXr][rXq]
[gXr] — 1 | O[gXq][gXr] | O[gXr][rXr]
[qu] —

[rXr] i

[rZr] €

[rXq] —

S  [9Zq] [g941]

[9Zq] O [gXq] [a4q]

[9Zr] — O[gXq][gZr] | O[gXr][rZr]
[aXg] 0 [gXq] [gXq]

[gXr] — 1 | O[gXq][gXr] | O[gXr][rXr]
[rXr] 1

[rZr] €

S [gZr]

[gZr] — O[gXr][rZr]
[gXr] — 1 | O[gXq][gXr]
[rXr] 1

[rZr] €
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Example 2: {On1n}

« PDA=(Q2,/0,0,q2),Q={q,n}, 2={01}, T ={ZX}, Ois:
(1) ?Z ][qu][[g(z?[ Zq] | 0[gXr][rZq]
L ——1. [aZq qXq] [9Zq] | 0[qXr][rZq
Y aox NI T2 21— oloXqliazn | OlaXilliZ1
3 51 X) {(ne)) =3 [@Xal 0aXalaXq]| 0lgXi]irXq]
St : 5 4. [gXr] — 1] 0[qXq][gXr] | O[aXr][rX]
4.8 1.X)  {(re)} Al
fay<[eZr] €
/ 8. [rXq] —
S Sale A ]
0. S [qZq][9Zr] 1. [9Zr] — O[gXr][rZr]
1. [9Zq]  0[gXq] [9Zq] - | 2- [Xr] — 1] 0[qXq][qXr]
2. [gZr] — O[gXq][gZr] | O[gXr][rZr] 3raltext 1
3. [aXq]  0[gXq] [gXq] 4. [rzr] e
* [9Xr] — 1] O[aXq][gXr] | O[qXr][rXr] ]
; Fé? : 0. S [q21]
v IELl € : q<4r
1. [gZr] — 0[gXr]
2. [gXr] — 1] 0[gXq]1

- a R S Nl et i SNl N RN S Nl N o PN S A T AT T M NG M N N S M M e § , -

by 2 e

7 30

s SeDUELA DI ADYELE B2 AN AREl) e

1\

N

W prg s
& AW



i

VRS CARS CARY OFES CFES CHAES XS GRES. GARS. CrES OAES TCAKS TOrRES TOYES CFES TOKRES. 1]

Example 2: {01}
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+ PDA=(Q3.r6,2),Q={qnrn =={0,1}, ={ZX}, &is:

AN

S  [9Zq] [gZr]

[aZg] O [gXq] [aZq] | O[gXr][rZq]
[aZr] — O[aXq][gZr] | O[gXr][rZr]
[aXq] 0 [gXdq] [gXq] | O[gXr][rXq]
[gXr] — 1 | O[gXq][gXr] | O[gXr][rXr]
[qu] —

[rXr] i

[rZr] €

6(9,0.Z) — {
0(9,0,X)  {
6(q.1.X) -1
O A X))~ f-(re)
o(r; £,Z) = {{r, &)
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1_; (Vs [qZr] Let A=[qZr] 5>
o S [aZq] [Z] 1. [qZr] - OgXi][rZ] =gl
S [9Za] 0 [gXdq] [aZq] - |2 [9Xr] — 1] O[aXq][aX] 0. S A
[9Zr] — O[gXq][qZr] | O[aXr][rZr] 3 s e] e 0°B %
[aXal 0 [aXq] [gXq] 4. [rzr] — ¢ 2. B 10B1 Y

[aXr] — 1 | O[gXq][gXr] | O[aXr][rXr] 1
[rXr] 1

N e S
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o 1. [9Zr] — O[gXr] s
N 2. [gXr] — 1 O[aXq]1

)

N

> A e S A A 5 A B a0 g e o oSBT o ESTXIN




i

VRS CARS CARY OFES CFES CHAES XS GRES. GARS. CrES OAES TCAKS TOrRES TOYES CFES TOKRES. 1]

Example 2: {01}
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+ PDA=(Q3.r6,2),Q={qnrn =={0,1}, ={ZX}, &is:

L AINEL,

S  [9Zq] [gZr]

[aZg] O [gXq] [aZq] | O[gXr][rZq]
[aZr] — O[aXq][gZr] | O[gXr][rZr]
[aXq] 0 [gXdq] [gXq] | O[gXr][rXq]
[gXr] — 1 | O[gXq][gXr] | O[gXr][rXr]
[qu] —

[rXr] i

[rZr] €

6(9,0.Z) — {
0(9,0,X)  {
6(q.1.X) -1
O A X))~ f-(re)
o(r; £,Z) = {{r, &)
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Two ways to build a CFG

Build a PDA Construct

CFG from PDA Hyeloetey

Derive CFG directly (direct)

Two ways to build a PDA

Similarly...
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Design a PDA directly (direct)




